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First, the linear stability of the flow between two concentric cylinders when the
outer one is at rest and the inner has angular velocity Q{1+ ecoswt} is con-
sidered. In the limit in which ¢ and w tend to zero it is found that the critical
Taylor number at which instability first occurs is decreased by an amount of
order €? from its unmodulated value, the stabilizing effect at order e2w? being
slight. The limit in which w tends to infinity with e arbitrary is then studied. In
this case it is found that the critical Taylor number is decreased by an amount of
order €2w~3 from its unmodulated value.

Second, the effect of taking nonlinear terms into account is investigated. It is
found that equilibrium perturbations of small but finite amplitude can exist
under slightly supercritical conditions in both the high and low frequency limits.
Some comparisons with experimental results are made, but these indicate that
further theoretical work is needed for a broad band of values of w. In appendix B
it is shown how this can be done by an alternative formulation of the problem.

1. Introduction

Our concern is with the linear and nonlinear stability of the flow between
concentric cylinders against a Taylor-vortex type of perturbation when the
outer cylinder is at rest and the inner has angular velocity Q{1 + € cos wt}, t being
the time and €, w and ¢ constants. When ¢ is zero the appearance of Taylor
vortices is predicted by linear stability theory when the Taylor number, which
is proportional to Q2 reaches a certain critical value. The problem with e non-zero
has been investigated experimentally by Donnelly (1964), who found that the
critical value of the Taylor number at which a Taylor-vortex type of flow
appeared was increased from its unmodulated value. Moreover, he found that
for all values of ¢ the maximum value of the critical Taylor number, i.e. the
maximum enhancement of stability, always occurred at about the same value
of the frequency w. This value of w corresponds to a value of 0-27 for a frequency
parameter o, which is defined later by (2.2) to be proportional to the ratio of the
separation of the cylinders to the thickness of the Stokes layer associated with
the oscillatory motion of the inner cylinder.

As a starting point we restrict attention to the stability of the basic unsteady
flow to disturbances which are small enough for linearization to be a valid
approximation. This is followed later by a nonlinear analysis. The procedure
adopted is as follows.
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In §2 we determine the basic flow and obtain the partial differential equa-
tions governing the stability of this flow. These equations must be solved subject
to there being no relative velocity at the walls of the cylinders. Following
Venezian (1969) and Rosenblat & Herbert (1970), who considered the thermal
analogue of the cylinder problem, we use the periodicity criterion to determine
a ‘boundary’ between stability and instability. Venezian obtained a solution to
the related Bénard convection problem by letting the parameter corresponding
to € be small and expanding in powers of this parameter. Rosenblat & Herbert
used a WK B approach when the frequency of the basic temperature distribution
was small. In this paper we consider in turn two other limiting types of procedure.

In §3 we expand both the Taylor number T' and the velocity field in terms of
€ and o. We seek a solution of the partial differential system governing the linear
stability of the flow by letting ¢ tend to zero with e fixed and equal to a, say.
This is done so that the dominant time dependences of the system ‘balance’ in
a sense which we shall discuss later. A similar idea was used by DiPrima & Stuart
(1972) in the mathematically related problem of the non-local stability of the
flow between eccentric rotating cylinders. Thus we expand the perturbation
velocity and the Taylor number in powers of € and replace o by ae in the partial
differential system, equate like powers of ¢ and obtain ordinary differential
systems in which the time variable appears only as a parameter. At order €?, the
Taylor-vortex steady velocity field multiplied by an unknown funetion of time
is obtained. A differential equation for this function follows from a solvability
condition applied to the order-¢ system. The order-¢ term in the expansion of 7’
is determined by the condition that the solution should be a periodic function of
wt. Higher-order terms in the expansion of 7’ are obtained also. The first non-zero
correction to 7' from its unmodulated value, which we denote by Ty, is of order €2.

In contrast to §3, we consider in § 4 the limit of large o with € arbitrary. The
time dependence of the basic flow is then confined to a thin layer near the inner
cylinder, the Stokes layer; we shall refer to this layer as the inner layer. However,
the interaction of the basic flow with the disturbance in this layer causes the
disturbance velocity field to have a time dependence throughout the fluid. Hence
a second Stokes layer, the ‘outer’ layer, is required at the outer cylinder to satisfy
the boundary conditions. We shall refer to the region between the Stokes layers.
as the ‘central’ region. In each region we first expand the disturbance velocity
field in a Fourier series in time, and then expand the Fourier coefficients and the
Taylor number in powers of o—%. The disturbance velocity is then obtained in each
region by equating like powers of o~} and solving the resulting differential
systems. The velocity is then matched in assumed domains of overlap. Con-
comitantly, terms in the expansion of 7' are determined by matching the steady
parts of the velocity field. The analysis used in §4 is related to that used by
Schlichting (1932), Stuart (1966) and Riley (1967), who discussed the steady
streaming induced by an oscillatory viscous flow. The first non-zero correction to.
T from T} is of order o—3 and denoted by T}/o3.

In § 5 we describe the numerical work required to solve the ordinary differential
systems appearing in §§ 3 and 4. The results show that the first correction terms.
to T from T in both limits are negative, thus suggesting a destabilization of the-
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flow. However, higher-order terms in both expansions give a stabilizing effect.
The discrepancy between these results and those of Donnelly (1964) leads us to
ask whether nonlinear effects are important. This possibility is explored in the
latter part of the paper.

In § 6, therefore, we return to the limit of ¢ tending to zero with o/e fixed, but
include nonlinear terms, and obtain a solution to the differential system by the
method of multiple scales. The Taylor number is again perturbed by an amount
of order ¢ from its critical value 7}, for the steady problem. The perturbation
velocity is also expanded in powers of € and we find that the time-dependent
amplitude A4 of the leading axially periodic Fourier mode satisfies the following
differential equation: '

dA

-T 3
am—m{Tl+2%COSG)t}A+Q/1A . (11)

Here 7, is the order-¢ alteration to the perturbed Taylor number and I" and a, are
negative constants. Since a, is negative the 43 term in (1.1) stabilizes the flow.
Equation (1.1) has a solution which is periodic in wt in which 7} determines the
elevation of the Taylor number above its unmodulated critical value.

In §7 we examine the limit in which & tends to infinity with e arbitrary,
assuming that the Taylor number 7' is given by

T = Ty+Tslo®+0(c~%). (1.2)

It follows from the results of §4 that the flow is stable to infinitesimally small

disturbances if
Te < Ty

To the order of magnitude in o to which we work, we find that the nonlinear effects
are only important through their effect on the steady part of the perturbation
velocity. The amplitude A9 of the leading steady Fourier mode is given by

I' (Te—T,
02 _ _— 6 6
A% = 2a1{—T0 }, (1.3)

so that T, must be greater than 7% if equilibrium perturbations are to exist.

In §8 we discuss the relevance of this work to Donnelly’s observations, and
find that the low frequency nonlinear calculations explain some of his results but
that our theory does not predict an optimum value of o for the enhancement of
stability. We also discuss other difficulties which arise when we try to compare
the theoretical and experimental results.

2. The basic flow and the disturbance equations

We suppose that the viscous incompressible fluid between the infinitely long
concentric cylinders of radii B, and R, has density p and kinematic viscosity v.
We assume throughout this paper that the separation d of the cylinders is small
compared with B,. Thus terms of order d/R, are neglected in the following
analysis. We take cylindrical polar co-ordinates (r, 8, z), with the z axis along the
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axis of the cylinders, and take (u, v, w) as the corresponding velocity. If we define
dimensionless variables £, ¢ and 7 by

{=(-R)d, ¢=z/d, T=uwt,

then the velocity field between the cylinders when the outer one is at rest and the
inner has angular velocity Q{1+ ¢€coswt} is (0, QR, V(¢,7),0), where

= €¢ sinh (to)t (1 =)
V= {1 ~¢t T gmh o)

Here o is the frequency parameter, mentioned in § 1, and is defined by

+ complex conjugate}. (2.1)

o = wd?/v. (2.2)

Suppose that we perturb this flow such that the disturbed velocity field is
(u,v+QR, V,w). We rescale (u, v, w) by writing

u=(—v/2d)u*, v=31QRv* w=/(-v/2d)w*,

and we can show from the momentum and continuity equations and the condition
of zero relative velocity at the boundaries that u*, v* and w* are determined by

8 % 1820, 1020
—o— * = — ek, - Y2
{g "ar}‘g“ TV 345~ 254 T3 5Cop
or
ou*[9L + owlog = 0,

u¥*=p*=w*=0, (=01,

{‘g“ai} v = - Tour 40, (2.3)

In the above system we have introduced ., @,, @, and @,, which are defined by

&L = 0?00 + 2|o¢2, (2.4)
Q, = u* ou*[ol +w* du*[0p — FTv*2,
Qs = u* ow*[9L + w* dw*[0¢, (2.5)

Q3 = w* ov*[0L + w* dv*[o¢.
We have also defined the Taylor number T by
T = 2Q%R, d%/v?, (2.6)

which represents the ratio of the destabilizing centrifugal and stabilizing viscous
forces acting on the fluid. Finally we note that (2.3) are the so-called ‘small gap’
equations obtained from the full equations by letting d/R, tend to zero with
&, 1, @, u¥, v¥, w¥, T, o and € held fixed.

3. Linear stability for small frequencies

In this section we assume that the disturbance to the flow is small enough for
linearization to be a valid procedure; thus we neglect the nonlinear terms @, @,
and @; which appear in (2.3). We further assume that the disturbance is periodic



The stability of unsteady cylinder flows 33

along the axis of the cylinder. Thus if @ is a non-dimensional wavenumber we
assume that * and ¢* are proportional to cos a¢ and w* is proportional to sin a¢.
If we expand V, given by (2.2), in (2.3) for small o and drop the nonlinear terms
and the star notation we can show that

{M —oofor} Mu = —a®*Tv{x,+€x,cOST+€0y,8inT...},

{M—océdlor}v=u{l+ecosT+eod,sinT...}, (3.1)
u=v=2~0ulof=0, =01,
where M = 0%[08%— a?, (3.2a)

and % and v are now independent of ¢. The first few functions y,({) appearing
above are given by

Xo=X1=1-8 xo=%(-38+20), (3.2b)

and for convenience we have defined ¢, = ~dy,/d¢.

We now ask if it is possible to constrain ¢ and o to tend to zero in such a way
that the dominant 7 dependences of the right- and left-hand sides of the two
differential equations in (3.1) ‘balance’ in some sense. If we assume that 7 varies
little from its unmodulated value 7}, we can see that the responses of the &/ér
terms on the left-hand sides of these equations are proportional to the 7 depend-
ences imposed by the e cos 7 terms on the right-hand sides.if we have o ~ €. Hence
we write

o= ae (3.3)

and let € tend to zero with « fixed. The physical interpretation of this is that we
are allowing the frequency and velocity amplitude of the oscillations of the inner
cylinder to tend to zero in such a way that the oscillatory displacement
a~Y(Td[2R,)? of the cylinder remains constant if 7’ and d/R, are held fixed. We
expand the perturbation velocities and the Taylor number in the form

U = Uy+ €U +€2u,..., (3.4a)
v = vy+evy+€2v,..., (3.4b)
T=T,+el,+T,.... (3.4¢)

It is clear that, since changing € to — € does not change the physical problem under
consideration, we should expect 7}, = 0 for ¢ odd, and this is found in the calcula-
tions. Substituting for o, %, v and T from (3.3), (3.4) into (3.1) and equating
terms of order ¢* we obtain

M2yy+ a®Tyxovy = Ug— Mvy = O,} (8.5)

Uy = Vg = Buef0L = 0, {=0,1. '
Since 7 does not appear explicitly in (3.5) we have an ordinary differential
equation whose solution is given by

(%9, %) = Bo(7) (fo(£)> 90(£))5 (3.6)

where f; and g, satisfy (3.5) with (u,,v,) replaced by (f,,¢,) and the partial
derivatives replaced by ordinary ones. The function By(7) is determined by
3 FLM 67
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considering the order-¢ system, which from (3.1), (3.3) and (3.4) is found
to be

M2y +a*Ty o0, = “(%BT—ONfo — Bycosta?Tyx190— Boa*T1 %90,  (3.7a)
dB

Uy — Mo, = —ocg;ggo—Bocosrfo, (3.7b)
Uy =0, =0u, [0 =0, £=0,1, (3.7¢)
where N = d?[dg? —a?. (3.8)

After solving the order-¢® system, we have only B, and 7} as unknowns on the
right-hand sides of the differential equations in (3.7).

The function pair (fi,g5) adjoint to (f,, g,) satisfies the following differential
system:

VI =0 oot 255 =0, 9)

The eigenvalues a and 7, of (3.5) and (3.9) are identical but, as the form of the
equations shows, (fy,9,) and (fi,97) are not the same.

Having introduced (fy,9¢) we can show that the condition that (3.7) has
a solution is that the integral from { = 0 to { = 1 of the sum of f§ times the
right-hand side of (3.7 a) and g§ times the right-hand side of (3.7 b) is zero. (See,
for example, Ince 1927, p. 213.) Thus we have

22 [" i 0o 00 )~ Bycos| [ (T av+ai il a
= By [ ufi audls (3.10)

which is an ordinary differential equation for B, having a solution periodic in 7
if T} = 0. The function B, is then of the form

B(1) = Aexp{— (I'[a)sin7}, (3.11)

where the constant I is given by

1 1
P = [ whnfiora fadf[ wo-fi N @)

and 4 is a constant, dependent on the parameters of the problem, which can only
be determined by considering the corresponding nonlinear problem.
Having determined B, we can see from (3.7) that (u,, v,) is of the form

(w1, v1) = By(7) cos 7(f1(£), 91(£)) + By(7) (fo(£), 9o(£))- (3.13)
The function pair (f;,g,) satisfies the following system:
Ny +a*T, xo 9, = — U'Nfo—a?Ty X190
Ji—Ng. = Tgo—fo (3.14)
fi=g1=dg,/dl=0, £=0,1.

The solvability condition at order €2 gives an ordinary differential equation for
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Outer layer
Outer overlap region

Central region

Inner overlap region

Inner layer

Ficure 1. The different regions in the disturbance velocity field for large o.

the function B,(r) appearing in (3.13). The solution of this equation is periodic

in 7 if 1
[ s e +o - tonac
asz =-3 0 1 (3'15)
- f , Yol 9048

Further terms in the expansion of 7' can be obtained by considering the higher-
order differential systems. It suffices here to say that, up to order €%, we can
write T’ in the form

T = Ty + 2Ty + e*aTyy + Ty + O(€8), (3.16)
where T, and T, are independent of « and are determined from tedious integral
conditions which are to be found in the author’s thesis (1973).

4, Linear theory for large frequencies

We now investigate the limit in which o tends to infinity with ¢ arbitrary, in
which case the Stokes layer associated with the oscillatory motion of the inner
cylinder is thin compared with the gap between the cylinders. If we let o tend to
infinity in (2.1) we can show that

V ~ 1—{+Lelexp[— (io)t {+ir] +exp [(—io)t —it]}, (4.1)
so that the time-dependent part of the basic flow decays exponentially to zero
when ¢ becomes of order o—%. In contrast to this behaviour we shall see that the
disturbance velocity field is time dependent throughout the fluid. Hence, as well
as having a Stokes layer at the inner cylinder, the disturbance velocity field must
also have a Stokes layer at the outer cylinder in order to satisfy the no-slip
boundary condition there. As stated earlier, we refer to these layers as the ‘inner’
and ‘outer’ layers respectively, and the region between these layers will be
called the ‘central’ region. (See figure 1.)

3-2
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We first introduce the following new variables:

gr=1-¢ 5*=C*3o)}, 9= G0k (4.2a,b,¢)

Thus #* and 5 are Stokes-layer variables for the ‘outer’ and ‘inner’ layers
respectively. We define (u, v), (U, V) and (u*, v*) to be the disturbance velocities
in the inner layer, central region and outer layer respectively. We again assume
that the flow is periodic along the z axis, so that u, v, U, ete. are all proportional
to cosag, a again being a non-dimensional wavenumber. If we neglect the non-
linear terms in (2.3), i.e. @, @, and @,, we can use (4.1) and (4.2) to show that the
appropriate differential equations to determine the above pairs are

8 202 20)(&* 2a? "= 4a2Tw . 2\
m o e o) e | Ng

+%[exp[—77(1+i)+i7’]+c.c.]}, (4.30)

{ﬁi_z_“fﬂ_a}v - %{1+€2i_';[(1+i)exp[—n(1+i)+if]+c.c.]}, (4.3b)

ot o ot o
{M—ocofor} MU +a®Tyx,V =0, (4.4a)
{M—oodfor}V-U =0, (4.4b)
2 2 _0\f & 2a? 4a2T 2 p*p*
AN A Yl § AN P ilientiulal A
{877*2 o 287'} {87;*2 o }u o ’ (4.5a)
2 2a? 7 2u*
—_— 2 Mk = 4.
{377*2 o 287-}v o’ (4.55)

where c.c. denotes ‘complex conjugate’ and M is defined by (3.2a). We can also
see from (2.3) that the required boundary conditions are

u=v=20ulop=0, =0, (4.60a)
u* = v¥ = gu¥fon* =0, 9*=0, (4.6b)

and we stipulate that the perturbation velocities must match in the assumed
regions of overlap.

We now expand the perturbation velocities in each region in Fourier series in
time. This is possible since we are seeking solutions periodie in 7. Thus we write

12 . .
w=u+z X {u, e +4,e "}, (4.7)
2 n=1
12 . .
U=U+3 = (U, e + U, e~in}, (4.8)
n=1
|
u* = Us+§ > {uy €7 + iy, e}, (4.9)
n=1

and note that the azimuthal velocity components can be expanded in a similar
manner. In (4.7)-(4.9) a tilde denotes a complex conjugate. The expression
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(u,, v,) Tepresents the steady part of the disturbance velocity in the ‘inner’ layer.
In both the other two layers we denote the steady part of the disturbance velocity
by the same expression (U, V,). This is possible because there is no behaviour of
Stokes-layer type for the steady part of the disturbance velocity in the ‘outer’
layer. However, in the ‘inner’ layer the interaction of the basic flow and the
disturbance causes the steady part of the disturbance velocity to have terms
proportional to exponentially decaying terms. Thus it is necessary to distinguish
between the steady parts of the disturbance velocity in the ‘inner’ layer and
away from it.

Suppose that we substitute the Fourier expansions of u, », U, etc., into
(4.3)~(4.5) and equate like powers of ¢?*7, forn = 0, 1, 2, ...; then we find that the
equations for the central and outer functions (U, V,), (U,,V,) and (u},v}), for

n'n
n=1,2,..., are not coupled. However, in the inner layer this is not the case and
we find that
2a?)2 402T 2\#] o .
{DZ—?} U= ——3 {Us[l-—?](g_) ] +Z(Ule ”(1+17+c.c,)}, (4.10a)
202 2 €0t _ . )
{D2 - 7} v, = (_r{us +5F (G (14 ¢)e 1+ 4 c.c.)} , (4.105)
2a ., 202 4a2T 2\ 1 o X
-l 2 o3
(4.11a)
2a% . 2 o\? ) ) . )
{DZ—F — 2@} v = (_r{ul +e (5) (us(l +1) e+ 4 52 (1 —z)e"i(l—’))}, (4.115)

2 2
{Dz - 276:——- 2in} {Dz—— —2—?—} U,

2\1 ) )
Up [1 -7 (5') H] + % (R O S e_”(l_l))} , (4.120)
7\ ) g—n(1+0) ) (1)
5] @y (L+3)e 4y (1 —2)e7079) 0,
(4.12b)

The coupling of these equations arises from the terms proportional to e~7+% on
the right-hand sides of (4.3). We recall that, in the absence of modulation, the
Taylor-vortex flow was given by (f;,g,), this function pair being determined by
(3.5). We can show from (3.5) that near { = 0

Jor Br~ot, gy~ E~voy

and since we are again seeking a solution which is in some sense a perturbation
from the steady problem with e = 0 we assume that the correct scaling for (u,, v,)
follows from the above. Hence we have

Uy~ o7l v~ o,
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and this scaling for (u,,v,), together with (4.10)-(4.12), suggests the following
scalings for (uy,v,), (s, v,), ete.:

Uppy ~ O gy, ~ g EHERD gy~ g HEn-D) g~ g—HERtD (4,13 a-d)
forn = 1,2,.... Hence we expand the above functions as follows:
= Wul+ulot+..}, v,=0cHl+vlet+...}, (4.144,D)
u = o Hud +uloi+..}, vy=cHd+olo-t+..}, (4.14¢,d)
etc. The Taylor number is expanded in the form

T=Ty+Tod+... (4.15)

If the above expansions are substituted into (4.10)-(4.12) it is found that the
first five terms in the expansion of (u,,v,) can be determined without any know-
ledge of (u;,v,), (4, v,), etc. Having determinied these terms we find that we can
then calculate the first five terms in the expansion of (u,,v;). These terms enable
us to calculate the next five terms in the expansion of (u,,v,) and the first five
terms in the expansion of (u,, v,). Continuing in this way we can determine any
number of terms in the expansions of (u,, v.), (4, v1), (%, v,), ete. The essential
details of this rather tedious process are given in appendix A. The important
fact which emerges from this process is that (u,,v,), (4, v,), etc., contain terms
which are not exponentially small at the edge of the inner layer and it is for this
reason that, unlike the basic flow, the disturbance velocity field is time dependent
everywhere. ‘

In the central region we expand (U,,7,) in the form

U, = po(a){US+Ukot+ .}, V, =pu,(0){Voi+Vie~it+...}. (4.16a,b)

The functions of o, namely x,(c), appearing above are determined by the
matching conditions in the region where the inner layer and the central region
overlap. In the outer layer we expand the functions «}; and +¥ in a similar manner
to U, and V, but with g,(0) replaced by another function of ¢, namely v,(c),
which is similarly determined by applying matching conditions, but this time
in the region where the central region and outer layer overlap. The matching
conditions in each overlap region also determine certain constants which arise in
the functions w9, ete. Of particular interest are x, and v;, which determine the
orders of magnitude of the dominant unsteady velocity away from the inner

layer. We find that
=08 v =03 (4.17a,b)

The functions x4, and v, are determined by the conditions that U; and %, are of the
same order in o in the inner overlap region and that U; and u{ are of the same
order in ¢ in the outer overlap region respectively.

We now turn to the steady part of the perturbation velocity away from the
inner layer, and this we expand in the form

U ={U%+Ulet+...}, V={Vi+Viet+.. .} (4.184a,b)
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Here we have assumed that U, and V, are of order ¢°; this would otherwise be
found later by applying the matching conditions. We can use (4.4)-(4.9) and
(4.18) to show that the U® and V! are determined by
N+ a*Tyx, Vo = 0,
U-NV? =0, (4.19)
=V0=dU% =0, (=1,

i-1
and NeUtt a2Tyxo Vi=—atyy S T,_, V7
r=0
Ui—NVi=0 for ¢+> 1. (4.20)

The matching condition where the inner layer and the central region overlap
is found to be that in the inner overlap region

1
Uil ~ 3 078 {8(4;, B;,C;, a, Ty, §) + terms proportional to T}, (0 < k < )}

=0
_3|%1 _OL4§5 a*Tyy, &t | a?y, &° 6
+o {2%[ 120 5¢ 1T iz0 TO®
ags\ 2T €4 a? §5 4§
3| % alf "Ly Y Va 6 —4
ta {2%(€ 120) 24 120 TA! +0(Y]+ 00,
(4.21a)
Vi~ Z o4 {8y(4,;, B;, C;,a, Ty, {) + terms proportional to 7}, (0 < k < ¢)}

1=0

+0_¥3{6x2 [§3 2§5] 7 [1+‘i§2+ﬁ]+0(§“)}

2 24
ozl ] oF 5

+ [gz a;ﬂ +0(&%) } O(c™4), (4.21b)
where a; = —13“2623;0%2%, ay = %al—k 2___31a;§26A0T0 2%, (4.22a,b)
b= lgé‘—li(‘f—f"{r"—“z—% : (4.22¢)
_ —azeleﬁoTO%’ ya = C'a;:l+ 5a362003’1;0 cotha. (4.22d.¢)

Moreover 8, and S, represent the following series:
{Q“ a2§5} {§3 a2€4} %%ﬁogﬁ), (4.23 )
- ﬁfiyi"f B+ 5 ) O (250
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where A, B; and C; are constants to be determined shortly. (For more details of
the derivation of (4.21) the reader should consult the appendix.) We first note
that (fy, go), defined by (3.5), has the following form for small :

(f(h go) = (Sl(A> B’ 0’ a, %’ g)’ Sz(A, B’ C’ a, TO’ g)): (4-24)
where 4, B and C are given by
A =1 x28(0), B=f(0), C =234y (0). (4.25a,b,c)

A prime denotes a derivative with respect to {, and 8; and 8§, are defined by

(4.23). Hence if we choose (U?, V9) = (fy, 9), (4.19) is automatically satisfied and

if we put 4, =4, B= Byand C = C,, then U? and V? are of the form required

by (4.21), where the central region and inner layer overlap. Similarly if we put
T,=0, (ULVY)=(CfC)(ford0)s ¢=12,...,5,

then the next five terms (U, V?) satisfy (4.20) and are of the form required by
(4.18) and (4.21) where the central region and the inner layer overlap. With the
above choices for T, 7}, etc., we can show that (U, V%) is determined by

N2US+a*Tyxo Vi = — a*Ts X040, (4.26a)

US—NVE =0, (4.26D)
with boundary conditions

=Ve=dU%d{ =0, {=1. (4.27)

In addition, from (4.18) and (4.21) we require that in the inner overlap region

6 % a'e\  a*Tyy, &
Us SI(AG,BG,CG,a: 7707 §)+2%( 120) 24

@?7, 8 a’G T8
120 120 x 2}

o(e )

22 474
+y1(1+“2§ +“74§—)+0(§6). (4.28)

+O0Q)F, (4.28a)

Vg ~ SZ(AG’ BG’ 06’ a, ﬂ)’ g) +

The above series are just the small-{ series solutions of (4.26) with boundary

conditions
U¢=0, Vi=ry,, dUYdL=ay/2}, {=0. (4.29)

Therefore, if we consider (4.26) with boundary conditions (4.27) and (4.29), the
solution will automatically satisfy the requirements on (U$, V8) away from the
‘inner’ layer and for some 44, By and Cy will satisfy (4.28). Thus the problem
reduces to solving (4.26) subject to (4.27) and (4.29). In fact, since we are only
interested in finding 7§, we merely use the condition that this system has a
solution; this gives

a?T, = Y1960 (1)+°‘12 (o)
fo XoJo 9048
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where (fi, g¢) is the adjoint function pair defined by (3.10). Using (4.22) and
(4.25), we can show that the above expression can be written in the form

T, = 62T013f3(0)f3"(0) —44,(0) g5’ (0)
1
32f0 XoJd 90dC

, (4.30)
and a similar procedure for the order-o—% terms in (4.18) and (4.21) shows that
40a coth agg(0) g3’ (0) + 100f7(0) f3 " (0) + 77f; (0)f5"(0)
1 .
128 % 2%f XoJd 90dl
0

Then 7}, 7, etc. can be obtained by a similar method if more terms in the expan-
sions of the perturbation velocities are evaluated. However, we have seen that,
to order =4, T may be written in the form

T, = T,

(4.31)

T=Ty+Teo3+Tyo 5 +..., (4.32)

where T and T, are determined by (4.30) and (4.31) respectively and T}, is the
Taylor number for the steady problem with ¢ = 0.

5. The numerical work

If we wish to obtain the critical number 7, associated with (3.16), we must take
into account the variation of @ with ¢ near its critical value for the problem with
€ = 0. A calculation similar to the one given by Venezian (1969) shows that, if
this effect is taken into account, 7, is given by

LT/ oa):
T — T3+62T§+e4{a2T20+T§2— %ﬁ%;+0(66), (5.1)
0,

where T, ete., denote 7, etc., evaluated with a equal to a¢, its critical value for
the problem with e = 0. Similarly the critical Taylor number associated with

(4.32) is given by
T, = T+ T§/a®+ TS|o% + O(a—4). (5.2)

All the computations were for the critical case, and as a starting point, we
assumed the following well-known values of a® and T'§:

a¢ = 3-1266, TS = 3389-9. (5.3)

The ordinary differential systems arising in §§3 and 4 were solved by a Runge-
Kutta scheme with 40 steps following the method outlined by Eagles (1971).
The solutions for (f,, g,) and (fg, g¢") were in good agreement with those of DiPrima,
& Stuart (1972), when normalized in the same way. The computations showed
that the constant I', defined by (3.12), has the numerical value —26-18 and that
(5.1) and (5.2) are expressible in the form

T, = 3389-9—208-6¢%+ 1-7¢202 + O(e4, ¢20?), (5.4)

e? 84-81
T = 3389~9{1 — =% 104{4~898——0_T” +0(cY). (5.5)
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In (5.4) we have replaced « by of¢. We see immediately that the first and second
correction terms in (5.4) and (5.5) produce destabilizing and stabilizing effects
respectively.

These formulae do not overlap in ¢, and do not give the pronounced stabiliza-
tion found by Donnelly (1964). One possible remedy is to discuss the nonlinear
aspects, and this we do in the next section.

6. Nonlinear theory for small frequencies

If we replace ¥ in (2.3) by its asymptotic form for small o and drop the star
notation we obtain

4 . ?v 182Q, 1 02Q

(7 — et 2 el 2
{,f o‘a_r}fu T{X0+6X1cosr+eoxzsm‘r+...}3¢2 3 8¢2+23¢8§’ (6.1a)
{# —0dfot}v = {1 +ecosT+eop,sinT+ ...} u—40Q;, (6.1b)
oufog + owfog = 0, (6.1¢)

where the functions y, and ¢, are defined by (3.2b). The relevant boundary

conditions are
u=v=w=90, (=01 (6.2)

Following the method of §3 we seek a solution of the above partial differential
system by letting e tend to zero with o/e fixed and equal to « say. We expand

u, v, wand T in the form
T="T+eT +..., (6.3a)

U Ugy COS A Uy Uy COS 200
v | =€t| vy cosad | +ell vio |+ vipc0s2a
w Wy, Sin ag Wi Wy, SINag

Ugy COS A Uy COS AP
+ ¢t [( Vg, COS A ) +{ g5 08 3ag )] +0(e?), (6.3b)

W,y Sin ag Wy SiN 3a¢

where Ugy
Uy, =1 vy |, ete.

Wo1

are independent of ¢ and a is again a non-dimensional wavenumber. This

expansion procedure is the same as the one used by DiPrima & Stuart (1973),

who considered the stability of the flow between eccentric rotating cylinders.

Tndeed much of the analysis of this section is related to their work. The ¢t scaling

factor in (6.3b) follows from (6.3 a) and the usual argument that, if 7T is slightly

greater than 7T}, the amplitude of the disturbance is then proportional to (7' — 7;)3.
We define L, by

L,= 1 —2[of2+p2a? 0

( (0%/0L% — pPa?)? PPy o 0 )
ojo¢ 0 pa
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where p is a non-negative integer and L} is defined to be L, with the partial

derivatives replaced by ordinary derivatives. If we replace o by ae in (6.1),

substitute for %, », w and T from the above into (6.1) and (6.2) and equate terms
f 3 i

of order €2, we obtain Lyug =0, (6.40)

Uy =0, {=0,1. (6.4b)

We can write the solution of this system in the form

o

Uy = A(T) ( go(g) ) ’ (6.5a, b, c)
—a7tdfy(§)/dg

where f, and g, are defined by (3.5). If we now substitute for «, », w and T from

(6.3) into (6.1) and (6.2), equate terms of order € and use (6.5), we obtain ordinary

differential systems for u,, and u,, whose solutions may be written in the form

0 J3(8)
u,, = A2 gz(g)) , Uy = A% | g5(8)], (6.6), (6.7)
0 hy(8)
where g,, f5, g; and & are
0 {d 0
Ly ( %2 ) = ‘Z‘d_g (foogo) ) (6.8a)
go=0, £=0,1, (6.8b)
d _ df dfo_ di
- o [
Lil gs) =5 s ol (fo , (6.9a)
(ha) ? Telag (g)
0
fs=¢gs=hy=0, {=0,1 (6.90)

Substituting for «, », w and T from (6.3) into (6.1) and (6.2), equating terms
of order €2 and using (6.5)—(6.7), we find that u,, is determined by

a(dA[dr) Nfy— Aa*T, 1, cos 7 — AaPT Xy g, + AFy (L)
Liju,, = ( —a(dA[dr)g,— Afy cos T+ A3G(L) (6.10a)
0
W, =0, (=01, (6.10b)
where the functions F;({) and G4({) are defined by

{ f0d3f3 dfo &fs _ &hodfs 4%, fa}

ags d§ d§2 ag? d¢ d§3
d a?T
{fodf3 fofa} 0{9093 +2¢,9,), (6.11a)

d d 0 dfs dg,
{fodga +1,% go 3df£+£]2_d_12+2f0 9} (6.11b)
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and the operator N, arising from (3.12), is defined by (3.8). When p = 1 a differ-
ential system of the type (6.10) only has a solution when a certain orthogonality
condition is satisfied. In this case we can show that the required condition yields
an equation for A(r), namely

adAjdT = —T{cosT+T\/2T} A + a, A3, (6.12)

where I'"is given by (3.12) and has the numerical value — 26-18. The constant a, is
defined by

i 1
o= [ s B eaat [ [ toi w15 Npga, (6.13)

where (fi, g5 ) is the adjoint function pair defined by (3.9), and F; and G, are as
defined by (6.11). The constant a, is in fact related to the constant @, introduced
by Davey (1962) as follows: if we choose the function pair (f,,g,) equal to the
function pair (u,, ;) of Davey’s work, then

al = %61’
while the functions #, %, and v, introduced by Davey are given by
Fy = —4g,, Uy=—4g; Uy=—4f;
Davey’s numerical work shows that, with g,(}) = 1, a; has the numerical value
—10-05.

Finally, suppose that the outer cylinder is at rest and that the inner one has
angular velocity €,{1 +¢f(wt)}. Then, for small o, the dimensionless velocity

and the method described above leads to the following equation for the corre-
sponding amplitude function 4 (7):

adAfdr = —T{f(r)+ T,/2T,} + a, A3. (6.14)

Here a, and I are as defined earlier.

It has been pointed out to the author by one of the referees that an alternative
approach to the problem is as follows. For any given value of 7} and any function
f(r) of 7 we can define f*(7) by

f*(r) =f+T1/2T,, (6.15)
and then (6.14) can be written in the form
adAldr = - Tf*(1) A +a, A%. (6.16)

This equation is the one which would be obtained by setting 7} = 0 initially and
absorbing any order-e correction to 7' from T}, into the function f{r). However,
our approach is more helpful in that if we set f(7) = 0 the method reduces to the
usual type of stability analysis. Also our approach is similar to that used by
DiPrima & Stuart (1973), so that using this approach enables us to see the
equivalence of the problems more easily.
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Equation (6.14) is a ‘Bernouilli’ type equation and, if we use the usual substitu-
tion for such equations and use 4~? as a variable, we can show that

[A-2D()]; = ~2% " O(x) d, (6.17)
0
where @ is defined by
r z T\«

As a special case we put f(r) = tanhr, in which case the speed of the inner
cylinder changes slowly from Q(1—¢) at 7 = —o0 to Q(1+¢) at 7 = +00. We can
see from (6.14) that, as we would expect, this equation admits an equilibrium
amplitude solution as 7 oo which is just the equilibrium amplitude solution for
the steady problem with the Taylor number based on the final speed of the inner
cylinder.

We return now to the special case f(7) = cos7 and note that (6.17) contains an
unknown constant A4(0). We now invoke the condition that A should be a
periodic function of 7. This determines 4(0) and we can then write A(7) in the

form
2 T
o { f ¥ (@) o+ [ - 1] f ¥ (@) dx}
-2 . "M
AT == [¥(2m) —11¥ (1) ’ (6.19)
where () = exp-_—a—r-‘{2 sin:c+-q¥:,

In general this form cannot be simplified further; we can however consider a
second limit, with respect to 7}/T, or e. Thus, in the limit in which T}/T}, tends
to infinity with o fixed, we can use (6.19) to show that

A(r) ~ (DTy/2a, Ty} {1+ O(Ty/Ty) . (6.20)

The dominant term on the right-hand side of (6.20) corresponds to the equilibrium
amplitude solution for the unmodulated problem with the same Taylor number.
Thus as the flow becomes more and more supercritical the effect of modulation
becomes unimportant.

In a similar manner we can show by taking the second limit o - oo with 73/7,
fixed that
A1) ~ (D120, Tt {1 +O(a1)}. (6.21)

The dominant terms on the right-hand sides of (6.20) and (6.21) are the same so
that we conclude that for € and o small but o/e large modulation has a negligible
effect on the equilibrium amplitude.

Suppose now that we consider the limits of small 7}/7;, and a. We investigate
the result of taking the second limit 7/7;,— 0 and then the further (third) limit
a 0. If we let 7/T; tend to zero in (6.19) with  held fixed we obtain

ao ~ B esp (50 (D)1 o(B)), oo
0
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= O(a™ (T, [Tp)Y)
=
¥
1 ] T i
0 iw m in 27

F1cure 2. Amplitude as a function of 7 for small a and T/T,,.

where [, is a modified Bessel function of zero order. If we now let « 4end to zero
in (6.22) we obtain

A(T) ~ [—ﬂ%i%,:ip)—%]%a”%exp (1—sinT) [1+0(%,a)]. (6.23)

The 7 dependence of 4(r) is then similar to that of By(7) obtained in the linear flow
frequency theory of § 3. We can see from (6.23) that 4 (7) then has its maximum
value at T = L. It is also of interest to note that the average torque on the inner
cylinder associated with the dominant term in (6.23) is independent of «. We
show 4 as a function of 7 for small @ and 7}/7} in figure 2.

r

2

7. Nonlinear theory for large frequencies

We now investigate the possibility of the existence of equilibrium perturba-
tions of small but finite size in the limit in which o tends to infinity but with
¢ arbitrary. We consider only the case when the inner cylinder has angular
velocity Q,{1 +ecoswt} and so we can seek periodic solutions from the outset.
Thus we can Fourier analyse in wf and use the method of §4.

We recall that, in the linear theory of §4, the effect of modulation in the
‘central’ region first appears at order o~ in the expansion of the steady com-
ponent of the perturbation velocity in powers of o—%, when the dominant term
is of order ¢°. Hence we perturb the Taylor number in the form

T = Ty+ Tejo®+O0(c™%), (7.1)
in order that the effects of modulation and nonlinearities appear at the same
order when we expand in powers of a~%. It isimportant at this stage to distinguish
between T, given in (7.1), and 7}, introduced in §4. We recall that 7} is the
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coefficient of the order-o—3 term in the expansion of the critical Taylor number
in powers of o—%, whereas T is determined by (7.1) for any given value of 7.
The flow is stable or unstable according to linear theory depending on whether
T is less or greater than 7.

As stated earlier in § 6 we know that without modulation the Taylor-vortex
velocity field is of order (T'—T,)* when T is slightly greater than 7,. Thus we
expect that the dominant steady fundamental velocity in the central region
should be of order o—%. The linear theory of §4 then leads us to the following
expansion for %, v and w in the central region:

1
u = —%{U0+Ué+ A [U“ U%+ ]
217 Ul
+c.c.+-;§[Ug+Ez-+...]+c.c.+0(a-5)}cosa¢, (7.24a)
ir 1
v—a‘%=V°+V+ A [V°+V%+ ]

1

o2ir
+c.c. + [V

1 1
=a—%{W‘; %+. i [W°+u;+ ]

] +c.c.+ 0(0'—6)} cosap, (7.2b)

2ir

+c.c. +§£ [Wg +% + ] +c.c + O(a**”)}sin ap, (7.2¢)

where c.c. denotes ‘complex conjugate’. However, if we let o tend to infinity we
see from (2.1) that, away from the inner layer,

V~1-¢ (7.8)

Expansions (7.2) are clearly no longer suitable if we wish to retain the nonlinear

terms @, @, and @, in (2.3). In order to take these nonlinear effects into account
we modify these expansions to give

UL e Ul eir U1
=8l oL s — 0,71 — 0, "2
U=0 {Us+0_%+...+U%[U1+U%+...]+c.c.+ﬁ[U2+U%+...]
Ui
+c.c.+0(o"5)}cosa¢+o“3{U2°+—U—;+...

12
+ [U‘s’2+ Z; + ] cos 2a¢:+0(0—%), (7.4a)
1 2T 1
v:o—%{V‘s’ V%+ 45 [VO V;+...]+c.c.+e—;[vg+3§+...]
ot o
143

+ec.c. +O(a—3)} cosap+ 0‘3{V°°+—-¥ +..

12
+ [ng + % + ] cos 2a¢} +0(0%), (7.4b)
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wi e wi e2i7 wi
=gl worls w22 o wop 2
w=0 %{Ws+ = +...+o_%[W1+ = +] +ee+—7 [W2+ ) +]

. o
+c.c.+ 0(0"5)} sinag +o0~3 { W +—0_—f—

2
12

+ [W22+%3— + ] sin 2a¢} +0(c—%), (7.4c)
where the terms in these expansions with three indices are produced by nonlinear
interactions.

From now on we shall use the words fundamental, mean, first harmonie, ete.
with reference to the ¢ dependence only. The nonlinear interaction of the steady
fundamental components of velocity with themselves leads to the steady mean
and first-harmonic terms of order =2 in the above expansions. The nonlinear
interactions involving the unsteady fundamental terms produce steady and
unsteady mean and first-harmonic terms which are at most of order o—%". Since
we shall consider terms only up to order o=, these terms are negligible for our
purposes. The dominant steady mean and first-harmonic terms produced by the
interaction described above interact nonlinearly with the dominant steady
fundamental terms to produce steady fundamental terms of order o—3. Similar
terms are produced by the nonlinear interaction of the order-o—%" terms with
themselves and the other terms in the above expansion, but these terms will be
at most of order o=, and so negligible. Thus we see that in the ‘central’ region
the steady fundamental terms up to order o+ are unaffected by any nonlinear
interactions involving unsteady terms.

We recall that in the high frequency linear theory of § 4 the steady part of the
perturbation velocity away from the inner layer had no Stokes-layer type of
dependence, i.e. contained no exponentially decaying terms in the outer layer.
This was in contrast to the steady component in the inner layer, which contained
exponentially decaying terms caused by the nonlinear interaction of the time-
dependent parts of the basic low and perturbation velocity in thislayer. A similar
nonlinear interaction between the unsteady parts of the perturbation velocity
with themselves in the outer layer leads to similar terms in the steady perturba-
tion velocity in the outer layer if the terms @, @, and @, in (2.3) are retained.
Hence we must distinguish between the steady fundamental components in the
‘central’ region and the ‘outer’ layer. However, we can show that in both the
‘inner’ and ‘outer’ layers the residual steady fundamental components of
velocity at the edges of these layers are first affected by nonlinearities at order
o—% (when the dominant steady fundamental component is of order o—%), and
the effect is independent of the nonlinear interaction of the unsteady parts of the
perturbation velocity. Thus the first-order nonlinear correction to the linear
theory of §4 is independent of the time dependence of the basic flow.

Having said this the solution of the problem becomes trivial since all the
information which we require is embedded in §§4 and 6. If we substitute for
u, v and w from (7.4) into (2.3) (with ¥V = 1—{) and equate steady fundamental
terms of order o—% we find that the vector (U9, V9, W?) satisfies the differential
equationsin (6.4). The matching conditions in the inner and outer overlap regions
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require that (U9, V9, W9) there match onto the small-{ and small-(1 —¢) series
solutions of these equations with the boundary conditions that this vector
vanishes at { = 0, 1 respectively. Thus we can write

(Ug’ Vg, Wg) = Ag(fo’ 9o —at dfo/dg)a (7.5)

where (f,,g,) satisfies (3.5) and 49 is an unknown amplitude constant to be
determined. In a similar manner we can show that forn =1,2,...,5

(Ugba V;", ng) = Ag(fo,gw _a’_ldfo/dg)’

and similarly we can show by considering the mean and first-harmonic terms of
order o3 that

(U%, VR, WP = (492(0, ¢,, 0), (7.6a)
(ng, V223 WgZ) = (Ag)z(f:,, J3s h3)’ (7'6b)

where the functions g,, f5, g5 and A, are determined by (6.8) and (6.9). If we
substitute for %, » and w from (7.4) into (2.3) and equate steady fundamental
terms of order % we obtain

N2 +a*Tyx, Vs = — 43025 Xogo + (AB):’Fl(é’),} 2.7

Us—NV3 = (43> G1(9);

where F] and G, are given by (6.11). The matching condition in the outer overlap
region requires that (U2, V) there matches onto the small-(1 — {) series solution
of (7.7) with boundary conditions

Ud=Vi=dU%d{=0, {=1. (7.8)

Without modulation the corresponding condition in the inner overlap region
would be that (US%, V?) there matches onto the small-{ series solution
with the conditions (7.8) at { = 0. However, with modulation the nonlinear
interaction of the basic flow and the disturbance in the inner layer affects the
matching conditions in a similar way to that observed earlier in §4.

An analysis shows that, if modulation is taken into account, the boundary con-
ditions at { = 0 are the conditions appropriate for (US, V) in the high frequency
linear theory of §4. Thus we require that

_a*?A3dg, dUY  13a%%T, A3 d%f,
8 d¢’ d¢ 32 age’

U2=0, V= =0, (7.9)

and so U? and V? are given by the solution of (7.7) with boundary conditions
(7.8) and (7.9). The condition that this system has a solution reduces to

1 1
a*T, f Xofi g0t~ (420 f (o By )L

- azezTo[ 3dzf0+ d*fy 4d90+ dgo]
g=0'

32 dgz dgz " dg dg

where (ff, g5 ) is the adjoint function pair defined by (3.10), and y, = 1 —¢. The
4 FLM 67
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F1aurek 3. The eritical Taylor number as a funetion of o in the
low frequency limit.

terms in this equation are more recognizable after a few substitutions. We can
use (3.12), (4.30) and (6.13) to show that

- 5 )

2a,

where a, is given by (6.13) and I' and 7}, are given by (3.12) and (4.30). If (7.10)
is to have a real solution we require 7' > T, so that (7.1) indicates that finite
amplitude perturbations can exist only when T is greater than its critical value
in the linear theory of §4.

8. Discussion of results

We have seen that the critical Taylor number at which instability first oceurs
in the limit in which ¢ and o tend to zero is given by (5.5). Thus the dominant
correction to 7, from its unmodulated value is negative, suggesting destabiliza-
tion. However, for fixed €, 7, increases as o increases from zero and this is con-
sistent with Donnelly’s work. In figure 3 we show the variation of 7, with o for
fixed values of . We have also calculated the terms of order ¢* and €204 in (5.5).
The former term is about — 1300, whilst the latter is zero to two decimal places.

In the limit in which o tends to infinity 7} is given by (5.6). We again see that
the first and second correction terms suggest destabilization and stabilization
respectively. Thus in both limits the first correction term, in contrast to the
second, is not consistent with Donnelly’sresults. We show the variation of 7, with
ot for fixed € in figure 4. It should be said that, although modulation is usually
thought of as having a stabilizing effect, other mechanical systems can be made
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FiGUure 4. The critical Taylor number as a function of 0% in the
high frequenecy limit.

less stable by modulation. For example a simple pendulum hanging vertically
can be made unstable by suitably oscillating its support. (See Corben & Stehle
1960, p. 67.) Also Benjamin & Ursell (1954) have shown that oscillating a vessel
containing fluid can cause the fluid surface to become unstable.

We should also comment that the methods used in §§3 and 4 can also be used
for the related Bénard convection problem considered by Venezian (1969) and
Rosenblat & Herbert (1970). Our results for the low frequency problem differ
from those given by Venezian (1969). However, Dr Herbert, at Imperial College,
in some unpublished work using a Galerkin method, obtained our result, thus
giving reinforcement to the present work. For details of this problem the reader
should consult Hall (1973).

In view of the disagreement of linear theory and experiment we must discuss
the experimental work of Donnelly (1964) in more detail. As stated earlier, he
considered the flow between concentric cylinders when the outer one is at rest
and the inner one has angular velocity Q{1+ ¢ cos wt}. Before going further, we
first summarize the important features of the stability of the unmodulated
problem.

When the outer cylinder is at rest and the inner one has angular velocity Q,, it
can be shown that the flow first becomes unstable when the Taylor number
reaches the value 3389-9. For 7' slightly greater than this value the nonlinear
theory of Davey (1962) shows that equilibrium perturbations to the flow can
exist. The amplitude of the velocity of the Taylor-vortex flow is then proportional
to (T'—Tp)E. It can also be shown that such equilibrium amplitude flows cannot
exist for 1" less than Tj,. Thus for 7' less than T}, the amplitude of the Taylor-vortex
flow is zero, and when 7' reaches the value 7}, the amplitude begins to grow like
(T-T,)%.

With this in mind, Donnelly defined the critical Taylor number to be that value
for which a slight increase in () caused the amplitude of the Taylor-vortex flow to

4-2
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Fieure 5. 4 as a function of T},/T,. ———, value of 4 for the unmodulated

problem with the same Taylor number.

increase rapidly. With this definition of the critical Taylor number he found that
the flow was stabilized for all ¢ and ¢ in the sense that the critical Taylor number
was always greater than 7j, the maximum enhancement for all ¢ occurring when
the parameter o took the value 0-27.

We now see whether the low frequency nonlinear results can explain the
discrepancy between theory and experiment. The first difficulty which we must
overcome is to decide which property of the time-dependent amplitude was
actually measured by Donnelly in his experiments. A relevant property of A
might be its mean value 4 defined by

A=2{"44
=§7—T . T. (81)

We note from § 6 that A is known only in integral form. Thus 4 and 4 must be
evaluated by an integration routine. In figure 5 we show 4 as a function of 7}/7,
for different values of «, in comparison with the corresponding equilibrium
amplitude for the unmodulated flow at the same Taylor number. We see that,
as suggested by (6.23), the effect of modulation vanishes as a tends to infinity in
the sense that the curves tend to the equilibrium amplitude solution for the
unmodulated flow. Since all the curves lie below Davey’s curve we see that
modulation stabilizes the flow in the sense that the value of 4 for given values
of o and T}/T} is always less than its unmodulated value. However, unlike the
results of Donnelly, our results show no optimum value of « and hence o for
a given value of € at which the enhancement of stability is most pronounced. The
enhancement of stability shown in figure 5 decreases as o increases. In figure 6 we
show the results of our low frequency theory in a form more suitable for com-
parison with Donnelly’s figure 5. We see that there is poor agreement between our
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eid|A,

Ficure 6. Comparison with Donnelly’s results for € = 0-08 and a period of 46-1.
—~—~, Davey’s equilibrium amplitude solution; ——-—, Donnelly’s experimental curve;
, A given by low frequency theory. (All amplitudes are normalized by division by Ao,
the a.rnphtude at Q = 5-8 without modulation.)

theory and Donnelly’s results. This is perhaps due to the fact that 4 may not be
the relevant property of 4(r) as far as his results are concerned.

A more promising method of experimentally checking our low frequency
results may be to try and obtain the behaviour of 4 as a function of 7. This could
perhaps be obtained by measuring the difference of the torque per unit length on
the inner cylinder from its laminar value, a quantity which is proportional to
A%(1). We show 42 as a function of 7 for various values of « and 7}/T, = 0-5
in figure 7.

In the limit in which o tends to infinity with e arbitrary, we note that the
amplitude of the dominant steady fundamental component of the perturbation
velocity is given by (7.10). In view of the scaling in (7.4) the physical amplitude 4
of this component is 0249, If ¢ = T, = 0 we can show that 4 becomes the equi-
librium amplitude solution A g for the problem without modulation at the same
Taylor number. We can show that

A—Ay = —TT,[2a,(A + A )03,

thus we can see that as the flow becomes more and more supercritical, in which
case 4 and Ay both increase, the difference between them decreases. In figure 8
we have sketched 4 as a function of T for different values of €.

In contrast to the low frequency results we see that the average amplitude of
the Taylor-vortex flow grows quite rapidly as soon as the critical Taylor number
of linear theory is reached. Since 7} is negative, we conclude that in the high
frequency limit modulation destabilizes the flow.
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FIGURE 7. A? as a function of 7 for T,/T, = 0-5. ———, constant value of A? for the
unmodulated problem with the same Taylor number. The difference G in the torque on
the inner cylinder from its laminar value, for this value of T[T, can be shown to be given

by G = [27Q,R3u)(R,— R,)] x 0-037A42%.

A/Aq

€=10-0,0¥=20-0

L} T T T T T 1
3360-0 33700  3380-0 33900 34000 34100 34200 34300
T

Ficure 8. The amplitude 4 as a function of 7' in the high frequency limit. —— ~, ampli-
tude for the unmodulated problem for the same Taylor number. (All amplitudes are
normalized by division by 4,, the amplitude at T = 3400 without modulation.)

Following a suggestion by Professor J. Mahony an alternative approach to
this problem has now been formulated for the limits of small ¢ and ¢/o. The
method is essentially that of Venezian (1969) and we just expand the perturba-
tion velocity in powers of ¢. By taking the further limits oo — 0 and o — o0 we
recover the results of §§3 and 4. At intermediate values of o we again find that
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the flow is destabilized. This work can be found in appendix B, which was added
to this paper at the proof stage.

The author wishes to acknowledge the receipt of a Science Research Council
maintenance grant and the help and guidance given by Professor J.T. Stuart at
Imperial College.

Appendix A

Here we consider in more detail some of the functions which appeared in §4
but were not given explicitly there. We consider first the terms which appear in
the expansions of the inner-layer Fourier coefficients u,, v,, u,, v,, etc. We recall
that these functions of 3 are determined by (4.10)-(4.12). The appropriate
boundary conditions are obtained by substituting the expansions (4.7) into
(4.6 a) and equating terms proportional to e?*" for n = 0, 1, 2, .... If we substitute
the expansions (4.14) into (4.10) we see that the first five terms in the expansions
of u, and v, can be found by equating terms of order ¢°, 0%, 0%, 0% and o2 and
solving the resulting differential equations subject to the appropriate boundary
conditions. We can then write u, and v, in the form

ug = 0" HByn2+ 0B 92+ Agn®]+ o [ By 2+ Ay 9° + 5a2By ]
+ 0 By + Ay 7® + §a2By 7yt + 3a2( Ao~ 3C, Ty) 7]
+072[Byy®+ A37® + §a?Bynt + 3a¥(4, - §C, o) 7P
+35a%(a%By + § x 240, 1) 7°] + O(o )}, (Ala)
v, = o HCyn + 00,9 + 0[Oy + 3a%Co 7]
+ 0O + 3020, 9® + 1 Byntl + 02(Cy + §a?Con® + § Byt
+15(do+$a'Co) 1+ O(o2)}, (A 1b)
where A,, B, etc., are unknown constants which are to be determined later. For
the sake of brevity we have put 7} = 0 in order to evaluate (A 1). The vanishing
of T, would otherwise be found later. Knowledge of the first five terms in the
expansions of u, and v, enables us to evaluate the first five terms in the expansions
of , and v;. If we substitute for %, and v, from (4.14) into (4.11) and equate terms
of order ¢ and 0% and use (A 1) we obtain differential equations which when

solved subject to the appropriate boundary conditions enable us to write u, and
v, in the form

uy = o H{(Fy+ ot ) [e 740 — 14 (1 44)]
—1a2e[Cy Ty + o0, Ty [2(1 + 1) 7210+ 4 10y e~10+D
+5(1—1) (e —1)]+ O(c)}, (A2a)
v, = o~ x 2be(By+ o1 B,) e 1049493 4 392 — 8in? — 3in)
— 5 X 284 jeg e~ 11D (4yt + 4(1 — 3)p3 — 6192 — 3y — 3in)] + O(c 1)}, (A 20b)
where F, and P, are constants to be determined; exponentially increasing func-

tions of 7 have been rejected. In order to calculate F, and P, we must consider
the flow away from the inner layer.
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To this end, we recall that in the central region and the outer layer there is no
coupling of the differential equations for the Fourier coefficients in the expansion
of the perturbation velocity. We first consider the central region. Suppose that
we substitute for U and ¥V from (4.8) into (4.4), equate terms proportional to %
and take U, and ¥} as given by (4.16) with n = 1. We can equate like powers of
o~% and solve the resulting differential equations to obtain

U, = p,{BYsinh al* + A} cosh al*
+ o-#[Blsinhaf* + A} coshal*]+ O(c—%)}, (A 3a)
W = (=Ofic){1+0(c 1)}, (A 3b)

where 49 and BY, etc., are constants to be determined. A similar procedure in
the outer layer shows that

u’f =y, (o) {[02 + 0"5'0}] [em7 ) 4 (14 Bt —1]+ 0(0"1)}, (A da)
26—7]'(1+1:) 2
15 1t

« O Ww(o)
1

~29) +0(r),
(A 4b)

where C] and C? are for the moment unknown constants. Again exponentially
increasing functions of 4* have been rejected.

It now remains to match (A 2) and (A 3) where the central region and inner
layer overlap and (A 3) and (A 4) where the central region and outer layer overlap
We can easily show that the conditions in the region of overlap of the outer layer
and central region reduce to

M= O'%VI’

A9 =0, B}=CY1+17)/a2},
Al =Y, B} = Ci1+i)/a2t
and the conditions in the other overlap region reduce to
p=o0% F=0,
BY = 5a%C,T,/4(1 +1)sinha,

P, = — 2} x 5a%¢C, T, coth a/8i,

8 A {1+1} -
B% = ba%e I:Cl TO_ _15_(1{6_—] /4(1 +Z) sinh a,
8P {1+4}] /.. a2t
P, 2t x 5a’% [C’,To Bate ]/8@ tanha T +Z_)P,Ltamh a.

If it isrequired to calculate 7T to higher order it is necessary to calculate u,, v, ete.
However, the method follows closely the one described above. If the above
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expressions for F) and P, are substituted into (A 2) we can calculate the next
two terms in the expansion of %, and v,.
ui+o 4§ = [By+ 0 dBel 2 + [Ay+ 01 A45] 9 + 30?[By + 0B, ]9
+1a?[Ay+ 034, - C, Ty — o 2C, Ty ] 95
+350%{a?B, + 0~ 1a?B, + } x 28(C, Ty + 0~3C, Ty)}
+7ga{ Ao+ 034, - §(C, Ty — o3C, Ty)} 7
+5390 22 B{at — }To}7°
+ 1930%€3(By Ty + 0B, Tp) 23{e~21[49% + 2792 + 729 + 75]
+ 78y + 75} + gi5a%2A4,T, 25{6‘2’7[4774 + 3693+ 14492
+ 297y + 264] + 2317 + 264},
vi+ 074 = [O5 4+ 03] + §a*[Cy + o401 93 + 4 [ By + 0Byt
+16[A4, +3a*C, + 044, + $a%0y)17° +550%[ By + 0B ] 7
—350262[Cy Ty + 0—3C, T 2¥{e27[292 + 9y + 8] — 10 cos e + 2}
+ o~ HAa?[ 4, +3a'Cy— 3C, Ty] 77 + 55a3€2C, T, coth a[e—2
—2¢77(3cosy —siny)—4ye"cosy+ 1]},
where A,, etc., are unknown constants and for convenience we have put
T, = T, = 0. The vanishing of these quantities would otherwise be found from

the matching conditions. If we calculate a few more terms in the expansions of
u, and v, it is easy to deduce the matching condition (4.21).

Appendix B

We now describe briefly an alternative formulation of the problem in the limit
€ — 0. Suppose that the disturbance (u, v, w) imposed on the flow is small enough
for linearization to be a valid procedure. If the disturbance is periodic along the
axis of the cylinders with wavenumber a then the appropriate form of (2.3) is

l;—;—az——(r%} {:—;-az}u = —a? Tv{xo+£?2f:f(§, 0')+E'c;—i7 jite 0')},

i —ir JF Bi
{%—a2—0£}0=—ul—1+662 Z—Jg,(g’,a)+f%—g—£,(§,a)=, (B1)

u=v=20ufo{ =0, (=01,

where , [ = sinh (i0")} (1—{)/sinh (io)},

and the boundary conditions shown stipulate that there is no fluid motion rela-
tive to the cylinders, which, in terms of ¢, correspond to { = 0and { = 1.
Following Venezian (1969) we expand u, v and 7 in the form

U = uy+eu; +e2uy+..., (B2a)
v =vy+evy+€2vy+ ..., (B2b)
T =Ty+eTy+ ey +..., (B2¢c)
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where we have anticipated that T; = 0 for ¢ odd. This is because changing € to
—e€ does not alter the physical problem under investigation. We can substitute
from (B2) into (B 1) and equate terms of order ¢° and ¢ respectively to show that

(0, v0) = A(fo,90)s (w3, 01) = 34 €7 (f11,901) + 347 (f1y, Gu1)» (B3a,bd)
where (fy,9,) and (f};, g1;) are determined by
N2fo+a*Toxogo = fo— Ngo = 0,
Jo=dfo/dl=g,=0, {=0, 1,}
N(N —i0) f11+ @ Ty Xo 911 = — a* T4 9o/,
(N —10) 911 —fuu = —fodf[dE, (B5)
Jfu=dfufdf=9,=0, {=0,1
The operator N is defined by
N = d3/d{2—a?,
and A4 is a constant which cannot be determined within the framework of linear
theory. At order €2 we find that (u,, v,) is expressible in the form
(4, v9) = $A€X7(fos, Gaa) + §AC 27 (fo9, Gaz) + (fa0 G20)s (B6)

and the integral condition that the differential system determining fzo: gg0) has
a solution gives

T, =f ( fHguf+9uft+o¢ {fu f"‘fu :) d§/ f Xofd 9048, (BT)
Here (fi, gg) is the function pair adjoint to (f,, ¢,) and is defined by

Nff +98 = Nogg —a*To xo /i = 0,}
o —dff[dE=gf =0, {=0,1.
The systems (B4) and (B 8) are independent of o and therefore need only be inte-
grated once. However, (B5) and (B7) depend on ¢ and so must be integrated
separately for each value of o. The results of such a procedure are given later.

We now show how the results of §§3 and 4 can be recovered by taking the further
limits & — 0 and o — 0.

(B8)

The further limits o — 0 and o — o0

In §3 we saw that in the limit € — 0 with o/e fixed we can express 7' in the form
T = Ty+ €T3 +€202Tf + O(e2c4, e4), (B9)

and when 7}, hasits critical value, 3390, we have that Ty = —208-6 and T} = 1-7.
Suppose that we expand (f};, g;,) in the form

(fi, 9u1) = by, v4y) + (udy, v1y) + o (udy, v3) + .., (B10)

then by substituting this expansion into (B5) with f expanded for small o,
we can equate terms of order o1, ¢® and o respectively to show that

(i, 911) = 207 (Uf, I'ge) + (fr + T'1 fo, 91+ T'190) + O(0). (B11)
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Here (f;,9,) and I are as defined by (3.14) and (3.12) and I'; isdefined by equation
(3.3.19a) of Hall (1973). If we take (f}4, ¢11) as shown above and expand f for small
o in (B7) we can show that

1
_% J‘O {fﬁ‘— [CNf, +a2T o x09:1+ 9¢ [f1— Fgl]} dl + O(o?)

1
fo f& Xog0dE

and the dominant term above is just the term 2Ty of §3. Similarly the order-g?
term in (B 12) can be shown to be the a?T'fof § 3. Thus we can recover the results
of §3 by taking the further limit ¢ — 0. However, the velocity field obtained
above is not identical to that found in §3. In order to see why this is so we first
note that the first-order correction to the unmodulated Taylor-vortex flow ob-
tained above is of order ¢/o, equal to a~! say. Thus our analysis is restricted to
a > 1 in contrast to §3, where we had o ~ . However the results for ¢ > 1 can
be found from §3 by taking the limit & — co; the resulting velocity field is then
identical to that derived above. Thus the work of this section is just a special case
of §3.
When o - o0 we found in §4 that 7' could be written in the form

a?T), = (B 12)

T=Ty+o 3+ i +..., (B13)
and when Tj, = 3389-9 we found that
T,T, = —4-898(104x 2) and 7T,/T)= — 84-81(10% x €?).

When o — o0 we have that f ~ exp [ — (¢0)%], so that the time dependence of
the basic flow is confined to a thin Stokes layer at the inner cylinder. We refer to
this layer as the inner layer and define a stretched variable for this layer by

7 = &30, (B14)
and note from (B4) and (B7) that in this layer
Jo~ 3fo(0)52 ~ a1 f"(0) 77, ~ (08 ~ (30) g5 (0)7, } (B 15)
f& ~ SO~ a0 92 g8 ~ g8 (008 ~ (3o)Hgg ' (0)7,

where a prime denotes a derivative with respect to §. If we rescale (B 5) in terms

of # and use (B 15) we see that in the inner layer (f,;, ;1) is determined by

a? (d? 2\% .

Ttz 2| == () ezigsnerto 0,

{@[dn® — 2} g1y = (2/®)Ef7 (0) (1+2) p2e 40+ O(o72),
Ju=gu=dfyldyp=0, 5=0.

Thus we can immediately see that in this layer f,; ~ o~% and ¢;, ~ o—%, which is
consistent with the orders of magnitude of the corresponding dominant unsteady
velocity components (proportional to e) found in §4. Since when o — co the
function f({, o) is exponentially small away from the inner layer we need only
evaluate (fy,, g4;) there to evaluate (B5). Using (B 15) and (B 16) we immediately

(B 16)



60 P. Hall

see that T, ~ o—3, which is again consistent with the results of §4. Unfortunately

the solution of (B 16) contains an unknown constant which can only be deter-

mined by matching onto the corresponding solution away from the inner layer.

Thus if we want to determine the coefficient of this order-o—2 term we must follow

the method of §4 and use the method of matched asymptotic expansions. It

suffices here to say that such a procedure shows that f, and g,, are just the

terms o—%uQ and o3} of §4 respectively. Using the expressions for 49 and 9
found in §4 and (B 15) we can show that

+II 17
L _ 13/; =455 (0)60(0) | 3y B17)
° o? 32f0 XoSd 904

If we substitute for T, from (B17) into (B2) we find that the asymptotic form
obtained is identical up to order e26—2 with that found in §4. Similarly, by evalu-
ating the order-o—% term in (B17) we find that the expansions are identical to
order 2%,

Thus we see that by taking the further limit o - o0 we can recover the results
of §4. The constraint that ¢ € 1 makes it easier to see of what order in & the
first correction term of 7' from 7 should be in the high frequency limit. However,
if we wish to evaluate this term precisely, we must perform the matched asymp-
totic analysis given in §4, which we recall was valid for arbitrary e.

Results and discussion

As a starting point for the numerical calculations we assumed the following
critical values for a and 7;:

a = 3-1266, T, = 3389-9. (B18)

Using the above values we first solved (B4) and (B8) by a fourth-order Runge-
Kutta scheme with 140 steps. For a given value of o we then solved (B5) by a
similar procedure and used the results to integrate using Simpson’s rule. The
results are shown in figure 9, where we have plotted 7}, as a function of . We
see that T, increases monotonically to zero as ¢ increases. The maximum de-
stabilization is in the limit of zero frequency.

In figure 10 we have compared the numerical solution with the low frequency
asymptotic solution of § 3. The results agree well up to o ~ 4, where the numerical
solution rises less steeply than the asymptotic solution. In figure 11 we have made
a similar comparison in the high frequency limit. We see that the numerical
and asymptotic solutions agree well for & ~ 700. Below this value of o the solu-
tions diverge slowly, the asymptotic solution eventually crossing the T, axis.

‘We now discuss some possible reasons for the discrepancy between the experi-
mental and theoretical results. It is possible that by working to higher order in ¢
the discrepancy would be removed. However there are reasons why we believe
this to be very unlikely. First, the values of € used by Donnelly were typically
of order 0-1, so that we can confidently expect effects at orders €2, €8, ete., to
be negligible. The maximum enhancement of stability observed by Donnelly
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Fiagure 10. Comparison of the low frequency asymptotic solution
and the numerical solution for small o.

was for o ~ 0-2. We have already seen that the order-¢* correction to 7' from 7,
obtained numerically agrees well with the low frequency results of §3 for o
of this order of magnitude. We might also expect that a similar agreement would
be found for the order-e* term in the expansion of 7. However, the method of
§3 shows that for small o this term, which we denote by 7, is expressible in the

form Ty = Tyo+ 02Ty + Ty, ..., (B 19)



62 P. Hqll

High frequency asymptotic solution
0 360;0 400.-0 ,440_-0 480;0 520;0 560_-0 600;0 640;0 680;0 720;0 760;0 T
{ l/ L) T T L] T T 1 1 4 ) §
T, . .
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Fiaure 11. Comparison of the high frequency asymptotic solution and the
numerical solution for large o.

and 7,; was found by Hall (1973) to have the numerical value — 1303. (This value
includes a correction due to the fact that the critical value of a is altered by an
amount of order €% from its unmodulated value.) Thus, unless the higher-order
terms in (B19) are extremely large and positive, there is no possibility of 7}
producing the pronounced stabilization observed by Donnelly. Moreover, since
Donnelly’s optimum value of o was independent of ¢, such an effect cannot be
explained by summing contributions of orders €2, €4, etc., since any optimum
value of o obtained by such a procedure would necessarily depend on €.

Finally we should like to say a few words about how nonlinear effects can be
put into the framework of this appendix. Suppose that the Taylor number is
perturbed by an amount of order €2 from its unmodulated value 7;. Thus we write

T = Ty+etTy +..., (B 20)

and the flow is therefore stable or unstable according to the linear theory of §2
depending on whether 7' is less or greater than 7, defined by (B 7). We know
from the unmodulated problem that when the Taylor number 7' is slightly
greater than its critical value 7; the amplitude of the Taylor-vortex velocity
field is then proportional to (7— Tp)%. Hence, in view of (B 20), we expect that any
equilibrium perturbation to the modulated flow will have amplitude of order ¢.
Thus we expand the perturbation velocity in the form

u = Aeuycosaz + e{(u, €' + @, e77) cos 1z + Uy COS 202 + Ugg}
+ €3{ug, cOS az + Uyy €08 3az + (U5 + @567 cos az
+ (U39 €% + W59 077) cOS 202 + {2y €77 + gy~ )
+ (Ugg €27 + G5 e %7) cos az} + O(e?), ete. (B21)

All the terms apart from the first in (B 21) are produced by nonlinear interactions.
However. some of these interactions are between the basic flow and the disturb-
ance whilst some involve only the disturbance. The terms u,, %,y and uy, are
the usual fundamental, mean and first-harmonic terms for the unmodulated
problem. These terms are produced by interactions involving only the disturb-
ance. (In the notation of Davey (1962) we have u, = %;, gy = Oand uyy = — Lil,.)
The term u, arises from the interaction of the basic flow and the fundamental
and is just the term f;, introduced in §2. The order-e3 terms are produced by
interactions between the order-¢? terms and either the fundamental or the
unsteady part of the basic flow. The term u,, has contributions from both such
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interactions. Without modulation we find that the solvability condition on the
differential system determining the order-e? steady fundamental term is

A2 = T'T§ [20,T,, (B22)

where I' and a, are negative constants determined by integral conditions in-
volving the steady fundamental, mean and first-harmonic terms. The value of 4
determined by (B22) is just the equilibrium amplitude solution of Davey’s
(1962) truncated third-order amplitude equation. With modulation we find that
(B 22) becomes
r
2 nl +_ 2

A ( %a, To) {Ts -1y}, (B23)
where T}, is defined by (B 7). Thus finite amplitude perturbations to the flow can
exist only when T is greater than its critical value.
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